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1 Introduction ∣∣∣ p. 127
We consider the standard torus T2 = R2/Z2 endowed with its C∞ differential structure.
The projection onto T2 of a line y=αx of R defines a one-parameter subgroup of T2 denoted
[α]. The quotient group is denoted Tα = T2/[α], and its quotient topology is the trivial one.
The study of singular objects, of which Tα is the most well known example, has provoked
the development of different techniques, algebraic or geometric, such as, amongst others:
C∗-algebras ([3] and [7]), Q-varieties [1], and analytic schemes [2]. We want to illustrate
here the technique of diffeological spaces, initially developed by J.-M. Souriau for the study
of groups of infinite dimension, but which applies to all quotients (possibly singular) of Lie
groups. The quotient Tα can be endowed with the structure of a diffeological group (we
refer to the references [8] and [4] for the details concerning this notion). This structure
agrees with the canonical Lie group structure if α is rational. Here this structure is
characterised by the following definition [8]:

f ∈ DL(Rn,Tα) if and only if f is defined on an open Ω of Rn with values in
Tα and satisfies the following condition: for all x in Ω, there exists an open
neighbourhood V of x, and a map F ∈C∞(V ,T2) that lifts f , i.e. on V we have
the relation

Pα ◦F = f . (1)

In the above, Pα is the canonical epimorphism from T2 to Tα, and DL(Rn,Tα) is by
definition the family of differentiable maps of opens in Rn to Tα (also called n-plots of Tα).
THe set of n-plots as n runs over N characterises the diffeological structure of Tα.
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2 Covering and fundamental group

The differentiable maps from Tα to a “diffeological space” E are the maps ϕ : Tα → E
such that, for every plot f of Tα, the composite ϕ ◦ f is a plot of E. In particular, the
diffeomorphisms from Tα to E are the bi-differentiable bijections.

For every diffeological group and every homogeneous space (quotient of a diffeological
group by an arbitrary subgroup) we can define the notion of connectivity, and thus simple
connectivity. In the connected case, we can also define the universal covering and the
fundamental group, which depend only on the diffeological structure ([4] and [8]).

We illustrate these techniques in the precise case of irrational windings of the torus.
The passage to the universal covering of these quotients allows us to give a complete
diffeological classification; we can also make explicit the group of diffeomorphisms of Tα.
For the classification, there is agreement with the results obtained by the theory of C∗-
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algebras (cf. [3] and [7]); we also find a similar classification starting from schemes of
varieties [2].

2 Covering and fundamental group
We briefly describe the construction of the universal covering of a homogeneous diffeolog-
ical space:

Let G be a connected diffeological group, and p : G̃ →G its universal covering.
Let H be an arbitrary subgroup of G; set H̃ = p−1(H), and let H̃0 be its identity
component. We have the diagram

G̃ −−−−−→ G̃/H̃0y y
G −−−−−→ G/H

(2)

and G̃/H̃0 is then the universal covering of G/H, and H̃/H̃0 is its fundamental
group.

Conversely, every connected covering of G/H is given by a quotient G̃/K , where K is an
intermediary subgroup H̃0 ⊂ K ⊂ H̃.

In the particular case that interests us, writing Dα to mean the line y = αx, and ξ to
mean the vector (0,1), we have:

G = T2

G̃ =R2

H = [α]

H̃ = Dα+ (Z+αZ)ξ.

Connectivity coincides with connectivity by differentiable arcs, and an easy calculation
then shows that

T̃α =R and π1(Tα)=Z2. (8)

Some comments: the diffeological universal covering of Tα is thus the projection πα : R→
R/(ZαZ); the fibre-type Z+αZ is diffeologically discrete, i.e. the only differentiable maps
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4 Diffeomorphisms of Tα.

with values in the fibre are the constants; finally, the action of π1(Tα) on R is given by
(n,m)(x)= x+n+αm. The other connected coverings of Tα are of the type

R(kZ+αpZ) or (k, p) ∈Z2. (4)

The number of sheets, when k · p ̸= 0, is equal to k · p.

3 Classification of the Tα

Let Tα and Tβ be irrational toruses. Then every diffeomorphism ϕ ∈ Diff(Tα,Tβ) lifts to
an isomorphism f of their universal coverings:

R
f−−−−−→ R

πα

y yπβ
Tα −−−−−→

ϕ
Tβ

and the equality πα◦ f =ϕ◦πβ says that, for all x ∈R and (n,m) ∈Z2, there exists (p, q) ∈Z2

such that
f (x+n+αm)= f (x)+ p+βq

differentiable at x. Furthermore, f induces an isomorphism from Z+αZ to Z+βZ; there
thus exists a matrix in GL(2,Z) such that(

p
q

)
=

(
a c
b d

)
×

(
m
n

)
with a,b, c,d ∈Z such that ad−bc =±1; the differentiability of f implies that f ′(m+αn)=
f ′(0) for all m,n ∈Z; we thus have, by density of Z+αZ in R, that f ′(x)= f ′(0), and so f is
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affine: f (x)=λx+ r for some λ ̸= 0. Applied to x = n+αm, this implies that λ= c+βd and
α= (aβ+ b)/(cβ+d); thus α and β are equivalent modulo GL(2,Z), and so the action on R
is given by (

a c
b d

)
(x)= (ax+b)/(cx+d).

Conversely, we see that, if α ∼ β modulo GL(2,Z), then the map f (x) = (c+βd)x+ r,
with c and d coprime, projects onto a diffeomorphism from Tα to Tβ.

Theorem. Two irrational toruses Tα and Tβ are diffeomorphic if and only if α∼β modulo
GL(2,Z).

Remark. This theorem is trivial satisfied for rational toruses.

4 Diffeomorphisms of Tα.
We have seen in the previous section that the only diffeomorphisms from one irrational
torus to another are the projections of affine maps of the form f (x)= (c+βd)x+r, with r ∈R,
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4 Diffeomorphisms of Tα.

and c,d ∈Z coprime. If we impose the condition that f projects onto a diffeomorphism of
Tα into itself then there must further exist (a,b) ∈Z2 such that(

a c
b d

)
∈Stab(α) (6)

where Stab(α) is the isotropy group of α under the action of GL(2,Z). This condition (6)
is the translation of α = (aβ+ b)/(cβ+ d) for α = β; these maps constitute a subgroup of
the affine group of R. By characterising their projections, we determine all the diffeo-
morphisms of Tα into itself. Two affine maps of the above type project onto the same
diffeomorphism if and only if

(c,d)= (c′,d′)
πα(r)=πα(r′).

(7)

We define on Stab(α)×Tα the affine law

(M,ρ) · (M′,ρ′)= (MM′, M ·ρ′+ρ)

M ·ρ =πα[(c+αd)x] if πα(x)= ρ (8)

where M is a matrix in GL(2,Z) with coefficients (a,b, c,d). This is a diffeological group
law for which

(M,πα(x)) 7−→ (πα(x) 7→πα[(c+αd)x]) (9)

is a differentiable isomorphism from Stab(α)×Tα to Diff(Tα).
The action of GL(2,Z) on a real number can be understood by the modification of its

prime coefficients in its decomposition into continued fractions; thus two reals are equiva-
lent modulo GL(2,Z) if and only if they have the same decomposition after a certain rank
(which is not necessarily the same for both of them). The quadratic irrationals are the
reals whose coefficient sequences become periodic; thus removing or adding periods to the
sequence leaves the number unchanged (cf. [9] for these questions). From these remarks,
we can show that

Stab(α)=Z2 =
{(

1 0
0 1

)
,
(−1 0

0 −1

)}
(10)

if α is a non-quadratic irrational.
∣∣∣ p. 130

If α is a quadratic irrational then Stab(α)=Z2 ×Z, whence:

Theorem.
The identity component of the group Diff(Tα) is equal to the group of translations of Tα.

The group of these components is equal to

a. Z2 if α is a non-quadratic irrational;
b. Z2 ×Z if α is a quadratic irrational.

This is, to our knowledge, the first time that a classification of the Tα distinguishes
quadratic numbers. The difference between Diophantine numbers and Liouville numbers,
which appear in the cohomological study of foliated varieties [5], can also be found in the
classification of R-principal bundles over Tα (cf. [6]).

The discussions that we had with J. Bellissard and J.-M. Souriau were invaluable to
us; we thank them.

4 of 5



4 Diffeomorphisms of Tα.
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\section{Introduction}\label{introduction}}

\oldpage{127}We consider the standard torus \(T^2=\mathbb{R}^2/\mathbb{Z}^2\) endowed with its \(\mathrm{C}^\infty\) differential structure.
The projection onto \(T^2\) of a line \(y=\alpha x\) of \(\mathbb{R}\) defines a one-parameter subgroup of \(T^2\) denoted \([\alpha]\).
The quotient group is denoted \(T_\alpha=T^2/[\alpha]\), and its quotient topology is the trivial one.
The study of singular objects, of which \(T_\alpha\) is the most well known example, has provoked the development of different techniques, algebraic or geometric, such as, amongst others: \(C^*\)-algebras ({[}\protect\hyperlink{ref-3}{3}{]} and {[}\protect\hyperlink{ref-7}{7}{]}), \(Q\)-varieties {[}\protect\hyperlink{ref-1}{1}{]}, and analytic schemes {[}\protect\hyperlink{ref-2}{2}{]}.
We want to illustrate here the technique of \emph{diffeological spaces}, initially developed by J.-M. Souriau for the study of groups of infinite dimension, but which applies to all quotients (possibly singular) of Lie groups.
The quotient \(T_\alpha\) can be endowed with the structure of a diffeological group (we refer to the references {[}\protect\hyperlink{ref-8}{8}{]} and {[}\protect\hyperlink{ref-4}{4}{]} for the details concerning this notion).
This structure agrees with the canonical Lie group structure if \(\alpha\) is rational.
Here this structure is characterised by the following definition {[}\protect\hyperlink{ref-8}{8}{]}:

\begin{quote}
\(f\in\operatorname{DL}(\mathbb{R}^n,T_\alpha)\) if and only if \(f\) is defined on an open \(\Omega\) of \(\mathbb{R}^n\) with values in \(T_\alpha\) and satisfies the following condition: for all \(x\) in \(\Omega\), there exists an open neighbourhood \(V\) of \(x\), and a map \(F\in\mathrm{C}^\infty(V,T^2)\) that lifts \(f\), i.e.~on \(V\) we have the relation
\[
  P_\alpha\circ F
  = f.
\tag{1}
\]
\end{quote}

In the above, \(P_\alpha\) is the canonical epimorphism from \(T^2\) to \(T_\alpha\), and \(\operatorname{DL}(\mathbb{R}^n,T_\alpha)\) is by definition the family of differentiable maps of opens in \(\mathbb{R}^n\) to \(T_\alpha\) (also called \emph{\(n\)-plots} of \(T_\alpha\)).
THe set of \(n\)-plots as \(n\) runs over \(\mathbb{N}\) characterises the diffeological structure of \(T_\alpha\).

The differentiable maps from \(T_\alpha\) to a ``diffeological space'' \(E\) are the maps \(\varphi\colon T_\alpha\to E\) such that, for every plot \(f\) of \(T_\alpha\), the composite \(\varphi\circ f\) is a plot of \(E\).
In particular, the diffeomorphisms from \(T_\alpha\) to \(E\) are the bi-differentiable bijections.

For every diffeological group and every homogeneous space (quotient of a diffeological group by an arbitrary subgroup) we can define the notion of connectivity, and thus simple connectivity.
In the connected case, we can also define the universal covering and the fundamental group, which depend only on the diffeological structure ({[}\protect\hyperlink{ref-4}{4}{]} and {[}\protect\hyperlink{ref-8}{8}{]}).

We illustrate these techniques in the precise case of irrational windings of the torus.
The passage to the universal covering of these quotients allows us to give a complete diffeological classification;
we can also make explicit the group of diffeomorphisms of \(T_\alpha\).
\oldpage{128}For the classification, there is agreement with the results obtained by the theory of \(C^*\)-algebras (cf. {[}\protect\hyperlink{ref-3}{3}{]} and {[}\protect\hyperlink{ref-7}{7}{]});
we also find a similar classification starting from schemes of varieties {[}\protect\hyperlink{ref-2}{2}{]}.

\hypertarget{covering-and-fundamental-group}{%
\section{Covering and fundamental group}\label{covering-and-fundamental-group}}

We briefly describe the construction of the universal covering of a homogeneous diffeological space:

\begin{quote}
Let \(G\) be a connected diffeological group, and \(p\colon\widetilde{G}\to G\) its universal covering.
Let \(H\) be an arbitrary subgroup of \(G\);
set \(\widetilde{H}=p^{-1}(H)\), and let \(\widetilde{H}_0\) be its identity component.
We have the diagram
\[
  \begin{CD}
    \widetilde{G} @>>> \widetilde{G}/\widetilde{H}_0
  \\@VVV @VVV
  \\G @>>> G/H
  \end{CD}
\tag{2}
\]
and \(\widetilde{G}/\widetilde{H}_0\) is then the universal covering of \(G/H\), and \(\widetilde{H}/\widetilde{H}_0\) is its fundamental group.
\end{quote}

Conversely, every connected covering of \(G/H\) is given by a quotient \(\widetilde{G}/K\), where \(K\) is an intermediary subgroup \(\widetilde{H}_0\subset K\subset\widetilde{H}\).

In the particular case that interests us, writing \(D_\alpha\) to mean the line \(y=\alpha x\), and \(\xi\) to mean the vector \((0,1)\), we have:
\[
  \begin{aligned}
    G &= T^2
  \\\widetilde{G} &= \mathbb{R}^2
  \\H &= [\alpha]
  \\\widetilde{H} &= D_\alpha + (\mathbb{Z}+\alpha\mathbb{Z})\xi.
  \end{aligned}
\]

Connectivity coincides with connectivity by differentiable arcs, and an easy calculation then shows that
\[
  \widetilde{T}_\alpha = \mathbb{R}
  \qquad\text{and}\qquad
  \pi_1(T_\alpha) = \mathbb{Z}^2.
\tag{8}
\]

Some comments: the diffeological universal covering of \(T_\alpha\) is thus the projection \(\pi_\alpha\colon\mathbb{R}\to\mathbb{R}/(\mathbb{Z}_\alpha\mathbb{Z})\);
the fibre-type \(\mathbb{Z}+\alpha\mathbb{Z}\) is diffeologically discrete, i.e.~the only differentiable maps with values in the fibre are the constants;
finally, the action of \(\pi_1(T_\alpha)\) on \(\mathbb{R}\) is given by \((n,m)(x)=x+n+\alpha m\).
The other connected coverings of \(T_\alpha\) are of the type
\[
  \mathbb{R}(k\mathbb{Z}+\alpha p\mathbb{Z})
  \qquad\text{or}\qquad
  (k,p)\in\mathbb{Z}^2.
\tag{4}
\]

The number of sheets, when \(k\cdot p\neq0\), is equal to \(k\cdot p\).

\hypertarget{classification-of-the-t_alpha}{%
\section{\texorpdfstring{Classification of the \(T_\alpha\)}{Classification of the T\_\textbackslash alpha}}\label{classification-of-the-t_alpha}}

Let \(T_\alpha\) and \(T_\beta\) be irrational toruses.
Then every diffeomorphism \(\varphi\in\operatorname{Diff}(T_\alpha,T_\beta)\) lifts to an isomorphism \(f\) of their universal coverings:
\[
  \begin{CD}
    \mathbb{R}@>f>> \mathbb{R}
  \\@V{\pi_\alpha}VV @VV{\pi_\beta}V
  \\T_\alpha @>>\varphi> T_\beta
  \end{CD}
\]
and the equality \(\pi_\alpha\circ f=\varphi\circ\pi_\beta\) says that, for all \(x\in\mathbb{R}\) and \((n,m)\in\mathbb{Z}^2\), there exists \((p,q)\in\mathbb{Z}^2\) such that
\[
  f(x + n + \alpha m)
  = f(x) + p + \beta q
\]
differentiable at \(x\).
Furthermore, \(f\) induces an isomorphism from \(\mathbb{Z}+\alpha\mathbb{Z}\) to \(\mathbb{Z}+\beta\mathbb{Z}\);
there thus exists a matrix in \(\operatorname{GL}(2,\mathbb{Z})\) such that
\[
  \begin{pmatrix}
    p\\q
  \end{pmatrix}
  = \begin{pmatrix}
    a & c
  \\b & d
  \end{pmatrix}
  \times
  \begin{pmatrix}
    m\\n
  \end{pmatrix}
\]
with \(a,b,c,d\in\mathbb{Z}\) such that \(ad-bc=\pm1\);
the differentiability of \(f\) implies that \(f'(m+\alpha n)=f'(0)\) for all \(m,n\in\mathbb{Z}\);
\oldpage{129}we thus have, by density of \(\mathbb{Z}+\alpha\mathbb{Z}\) in \(\mathbb{R}\), that \(f'(x)=f'(0)\), and so \(f\) is affine: \(f(x)=\lambda x+r\) for some \(\lambda\neq0\).
Applied to \(x=n+\alpha m\), this implies that \(\lambda=c+\beta d\) and \(\alpha=(a\beta+b)/(c\beta+d)\);
thus \(\alpha\) and \(\beta\) are equivalent modulo \(\operatorname{GL}(2,\mathbb{Z})\), and so the action on \(\mathbb{R}\) is given by
\[
  \begin{pmatrix}
    a&c
  \\b&d
  \end{pmatrix}
  (x)
  = (ax+b)/(cx+d).
\]

Conversely, we see that, if \(\alpha\sim\beta\) modulo \(\operatorname{GL}(2,\mathbb{Z})\), then the map \(f(x)=(c+\beta d)x+r\), with \(c\) and \(d\) coprime, projects onto a diffeomorphism from \(T_\alpha\) to \(T_\beta\).

\begin{itenv}{Theorem}
Two irrational toruses \(T_\alpha\) and \(T_\beta\) are diffeomorphic if and only if \(\alpha\sim\beta\) modulo \(\operatorname{GL}(2,\mathbb{Z})\).

\end{itenv}

\begin{itenv}{Remark}
This theorem is trivial satisfied for \emph{rational toruses}.

\end{itenv}

\hypertarget{diffeomorphisms-of-t_alpha.}{%
\section{\texorpdfstring{Diffeomorphisms of \(T_\alpha\).}{Diffeomorphisms of T\_\textbackslash alpha.}}\label{diffeomorphisms-of-t_alpha.}}

We have seen in the previous section that the only diffeomorphisms from one irrational torus to another are the projections of affine maps of the form \(f(x)=(c+\beta d)x+r\), with \(r\in\mathbb{R}\), and \(c,d\in\mathbb{Z}\) coprime.
If we impose the condition that \(f\) projects onto a diffeomorphism of \(T_\alpha\) into itself then there must further exist \((a,b)\in\mathbb{Z}^2\) such that
\[
  \begin{pmatrix}
    a&c
  \\b&d
  \end{pmatrix}
  \in\operatorname{Stab}(\alpha)
\tag{6}
\]
where \(\operatorname{Stab}(\alpha)\) is the isotropy group of \(\alpha\) under the action of \(\operatorname{GL}(2,\mathbb{Z})\).
This condition \((6)\) is the translation of \(\alpha=(a\beta+b)/(c\beta+d)\) for \(\alpha=\beta\);
these maps constitute a subgroup of the affine group of \(\mathbb{R}\).
By characterising their projections, we determine all the diffeomorphisms of \(T_\alpha\) into itself.
Two affine maps of the above type project onto the same diffeomorphism if and only if
\[
  \begin{aligned}
    (c,d)
    &= (c',d')
  \\\pi_\alpha(r)
    &= \pi_\alpha(r').
  \end{aligned}
\tag{7}
\]

We define on \(\operatorname{Stab}(\alpha)\times T_\alpha\) the affine law
\[
  \begin{aligned}
    (M,\rho)\cdot(M',\rho')
    &= (MM',M\cdot\rho'+\rho)
  \\M\cdot\rho
    &= \pi_\alpha[(c+\alpha d)x]
    \qquad\text{if }\pi_\alpha(x) = \rho
  \end{aligned}
\tag{8}
\]
where \(M\) is a matrix in \(\operatorname{GL}(2,\mathbb{Z})\) with coefficients \((a,b,c,d)\).
This is a diffeological group law for which
\[
  (M,\pi_\alpha(x))
  \longmapsto (\pi_\alpha(x) \mapsto \pi_\alpha[(c+\alpha d)x])
\tag{9}
\]
is a differentiable isomorphism from \(\operatorname{Stab}(\alpha)\times T_\alpha\) to \(\operatorname{Diff}(T_\alpha)\).

The action of \(\operatorname{GL}(2,\mathbb{Z})\) on a real number can be understood by the modification of its prime coefficients in its decomposition into continued fractions;
thus two reals are equivalent modulo \(\operatorname{GL}(2,\mathbb{Z})\) if and only if they have the same decomposition after a certain rank (which is not necessarily the same for both of them).
The quadratic irrationals are the reals whose coefficient sequences become periodic;
thus removing or adding periods to the sequence leaves the number unchanged (cf. {[}\protect\hyperlink{ref-9}{9}{]} for these questions).
From these remarks, we can show that
\[
  \operatorname{Stab}(\alpha)
  = \mathbb{Z}_2
  = \left\{
    \begin{pmatrix}
      1&0
    \\0&1
    \end{pmatrix}
    ,
    \begin{pmatrix}
      -1&0
    \\0&-1
    \end{pmatrix}
  \right\}
\tag{10}
\]
if \(\alpha\) is a non-quadratic irrational.

\oldpage{130}If \(\alpha\) is a quadratic irrational then \(\operatorname{Stab}(\alpha)=\mathbb{Z}_2\times\mathbb{Z}\), whence:

\hypertarget{Theorem}{}
\begin{itenv}{Theorem}

The identity component of the group \(\operatorname{Diff}(T_\alpha)\) is equal to the group of translations of \(T_\alpha\).
The group of these components is equal to

\begin{enumerate}
\def\labelenumi{\alph{enumi}.}
\tightlist
\item
  \(\mathbb{Z}_2\) if \(\alpha\) is a non-quadratic irrational;
\item
  \(\mathbb{Z}_2\times\mathbb{Z}\) if \(\alpha\) is a quadratic irrational.
\end{enumerate}

\end{itenv}

This is, to our knowledge, the first time that a classification of the \(T_\alpha\) distinguishes quadratic numbers.
The difference between Diophantine numbers and Liouville numbers, which appear in the cohomological study of foliated varieties {[}\protect\hyperlink{ref-5}{5}{]}, can also be found in the classification of \(\mathbb{R}\)-principal bundles over \(T_\alpha\) (cf. {[}\protect\hyperlink{ref-6}{6}{]}).
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